Abstract. In geophysical fluid dynamics, the screened Poisson equation appears in the shallow-water, quasi geostrophic equations. Recently, many attempts have been made to solve those equations on the sphere using different numerical methods. These include vortex methods, which solve a Poisson equation to compute the streamfunction from the (relative) vorticity. Alternatively, the streamfunction can be computed directly from potential vorticity (PV), which would offer the possibility of constructing more attractive vortex methods because PV is conserved along material trajectories in the inviscid case. On the spherical shell, however, the screened Poisson equation does not admit a known Green's function, which limits the extension of such approaches to the case of a sphere. In this paper, we derive an expression of Green's function for the screened Poisson equation on the spherical shell in series form and in integral form. A proof of convergence of the series representation is then given. As the series is slowly convergent, a robust and efficient approximation is obtained using a split form which isolates the singular behavior. The solutions are illustrated and analyzed for different values of the screening constant.
Introduction
In geophysical fluid dynamics, the screened Poisson equation arises in the shallowwater, quasi-geostrophic, potential vorticity equation [9, 10] , for a finite Rossby radius of deformation (baroclinic case). The equation relates the streamfunction of the geostrophic flow to the potential vorticity, where the "screening" is the inverse of the Rossby radius of deformation. For an infinite Rossby radius of deformation (barotropic case), the screened Poisson equation reduces to the Poisson equation, whose Green's function is known on the spherical shell [1, 7] . Recently, many attempts using Lagrangian methods have been made to (numerically) solve the shallow-water quasi-geostrophic potential vorticity equation on the spherical shell. For instance, Bosler et al. [2] solved the barotropic vorticity (BVE) equation (infinite Rossby radius of deformation) using a Lagrangian particle/panel method. The flow field was computed from the position of particles carrying (relative) vorticity, and advecting with a velocity expressed in terms of the Biot-Savat law. However, the method did not take advantage of the conservation of potential vorticity, i.e., (relative) vorticity carried by each particle had to be updated at the new particle positions, thus requiring an additional computational cost. In [8] , Mohammadian & Marshall used a vortex-in-cell (VIC) method, in which particles carried (relative) vorticity. The flow field was obtained from the streamfunction, which was computed from the vorticity by inverting a Poisson equation on an underlying Eulerian grid.
Allowing particles to carry potential vorticity enables taking advantage of the fact that potential vorticity is materially conserved in the inviscid limit. Consequently, in this case advecting/transporting particles along flow trajectories would avoid the need to integrate an evolution equation for their strengths, provided that the flow field can be immediately computed from the particle distribution. To this end, we focus on this work on deriving expressions of Green's function for the screened Poisson equation on the spherical shell.
Specifically, in section 2, we apply a spectral decomposition of the LaplaceBeltrami operator to arrive at a series representation of the Green's function. The convergence properties of this representation are then analyzed in section 3, and a computational strategy for evaluating the series is outlined in section 4. In section 5, an alternative, integral form of the Green's function is constructed. Implementation of the series and integral solutions is then illustrated in section 6, in light of results obtained for representative test cases. Concluding remarks are given in section 7.
Derivation of Green's function
Let Ω = {(ρ, θ, ϕ) ∈ R + × [0, 2π] × [0, π] / ρ = R}. Consider the screened Poisson's equation on Ω:
where L d ∈ R + is the Rossby radius of deformation and ∇ 2 s is the LaplaceBeltrami operator on the sphere of radius R, The spherical harmonics Y l,m (θ, ϕ) form a complete basis set of the Hilbert space of all square-integrable functions, H = f : Ω → R/ Ω f 2 < ∞ . Thus every function in H can be decomposed in terms of the mean-square convergent sum: we have
Now we write (2.1) as: (2.9)
From the orthogonality of the basis, we obtain (2.10)
Because ψ = G * f , we have:
Using (i) the spherical harmonics addition theorem [4] :
where γ is the angle at the center between (R, θ, ϕ) and (R, θ , ϕ ), and (ii) the identity cos γ = cos θ cos θ + sin θ sin θ cos(ϕ − ϕ ), we obtain
Convergence of the series representation
In this section, we briefly examine properties of the Green's function series representation. To this end, we study the behavior of:
For cos(γ) = 1, we have P l (cos (γ)) = 1, ∀l ∈ N, consequently
and so the series diverges like the harmonic series. For cos(γ) = 1, we have
The second series is absolutely convergent because
Now consider the first series, let A l = l l(l+1)+w and B l = P l (cos(γ)). Clearly, A l ≥ 0 and lim l→∞ A l = 0. Hence, there exists l * ∈ N such that A l+1 ≤ A l for all l ≥ l * . We now rewrite the first series on the right hand side of (3.3) as:
Let us show that the second member is convergent using the Dirichlet Test. We have already shown that A l → 0 and that it is monotonically decreasing for l ≥ l * .
It remains to show that there exists M ≥ 0 such that
Note that if cos(γ) = −1.0, the P l (cos(γ)) = (−1)
We may thus assume that |cos(γ)| < 1. We make use of (i) the Legendre generating function:
with y = cos(γ), and (ii) the binomial series expansion (1 + x) 1/2 with x = u 2 − 2y. For 0 < cos(γ) < 1, we let u = 1, so we have x = 1 − 2 cos(γ) < 1. Consequently, the binomial series converges and the Legendre sum is bounded. For −1 < cos(γ) < 0, we use the fact that P l (− cos(γ)) = (−1) l P l (cos(γ)), let u = −1 and x = 1 − 2| cos(γ)|. Following the same argument as before, we conclude that the sum is bounded. Finally, if cos(γ) = 0, we may set u ± 1, which leads x = 1, and the same conclusion as before.
Consequently, by the Dirichlet test, the series
l(l+1)+w converges when cos(γ) < 1.
Numerical approximation of the series representation
In the tests below, we assess two approaches for estimating the Green's function based on its series representation. The first is a straightforward approach based on truncating (2.18) at a suitably large index, l , namely through:
We refer to (4.1) as the truncated approximation.
A second, alternative approach is developed based on first splitting (2.18) according to: (4.2)
Selecting l such that
, we may approximate G according to:
denote the Green's function of the Poisson equation on the sphere,
* can be expressed in series form as:
Inserting (4.6) into (4.3) and rearranging we finally obtain:
which we refer to as the split approximation. Because the Rossby radius, L d , defines a distance on the circumference of the sphere, and the distance between the source and target on the sphere is Rγ, we introduce the characteristic angle of the problem γ * ≡ L d /R. The Green's function and its split sum approximation are then expressed in terms of γ * as:
As further discussed below, with the same truncation index, l , the split approximation leads to estimates exhibiting appreciably smaller relative errors than straightforward truncation. It also exhibits faster and more robust convergence as l increases.
Integral form
In this section, we exploit the series solution (2.18) to derive an alternative, integral form of the Green's function. To this end, we make use of the following identity,
and factor term l(l
We then perform the partial fraction expansion,
where s 1 , s 2 ∈ C. Note that S 1 and S 2 are complex conjugates that are independent of l, and so are s 1 and s 2 . Next, we apply (5.1) to re-express the fractions s 1 /(l − S 1 ) and s 2 /(l − S 2 ) respectively according to:
and
Substituting these representations into (2.18), we get:
Finally, we use the Legendre generating function to re-express the summation in (5.4), which results in:
e −2z − 2e −z cos(γ) + 1 dz.
A more convenient form of (5.5) can be obtained by substituting the values of S 1 , S 2 , s 1 and s 2 , namely s 1 = s 2 = 1, and
Performing the substitution and rearranging, we obtain:
Below, we use a quadrature approximation of (5.6) to verify results obtained using the series representation.
Note that for particular values of cos(γ), the integral in (5.6) can be evaluated analytically with the result expressed in terms of elementary functions. Specifically, for cos(γ) = −1, we have (see [6] , article 3.981):
whereas for cos(γ) = 0 we obtain (see [6] , article 3.985):
where Γ denotes the gamma function. In particular, we use the results to verify both our quadrature and series approximations. Also note the integral representation in (5.6) can alternatively be expressed in terms of associated Legendre function, namely according to:
) Because the zeros of P − 1 2 +iβ (z) are all real and greater than unity (see [6] , article 8.784), we conclude that G(R, θ, φ) is negative in the entire range 0 < γ ≤ π whereas it diverges to −∞ as γ → 0.
Results
In this section, we first compare the split sum to the direct sum in terms of their behavior as a function of the number of terms, for the case L d = 1000 km. The computations are carried out in Fortran using quadruple precision for real numbers and double precision for integers. Second, we show the absolute error versus the number of terms for the split sum approximation, for L d = 100 km and L d = 1000 km. These two values are selected to represent the low and high values of the Rossby radius of deformation in the ocean and the atmosphere [5, 3] . Third, we compare, for L d = 1000 km, the values of the Green's function computed using the split sum approximation to those computed using the high precision Numerical Integration Polyalgorithm of Maple TM . Fourth, we present plots, for different values of L d , of the Green's function computed using the split sum versus the angle. Finally, tables of the Green's function versus the angle for different values of L d are also presented in the appendix. Figure 1 depicts the estimates obtained using the split sum and the direct sum as a function of the number of terms retained in the corresponding expansions. Two cases are considered, namely cos(γ) = −1.0 and cos(γ) = 0.9. The first case corresponds to a maximum separation between the target and the source. In the second case, the angle separating the target from the source is small. In both cases L d = 1000 km. We observe from Figures 4a and 4b that the split sum converges faster than the direct sum. One can also observe that the rate of convergence is slower for cos(γ) = −1.0. In fact, for a given value of L d , the rate of convergence of the split sum is the slowest when cos(γ) = −1.0. This is because the Legendre polynomial in the split sum approximation of equation (4.7) switches sign every term, i.e. P l (−1)P l+1 (−1) < 0. 
where the "converged" solutionĜ is the value of G obtained after a sufficiently large number of terms, l , is used in the summation, such that the coefficient multiplying the Legendre polynomial in the l th term of the split sum is within quadruple machine precision. (Actually, it may be shown that for a desired cutoff value of this coefficient, , the number of terms needed is l 3 2 γ * 2 .) It can be observed that the asymptotic rate of convergence for both values of L d appears to be similar (∼ −3.5 on the log-log plot), though evidently a larger number of terms must be included as L d decreases. Note thatĜ(γ, γ * ) is in close agreement with the value computed using the Numerical Integration Polyalgorithm of Maple TM to within 16 decimal points, which is the precision of the Maple integration, as can be seen in Table 1 . Table 1 shows that the split sum approximation matches the numerical integration using the Numerical Integration Polyalgorithm of Maple TM over the range 0.001 ≤ Table 2 for different values of L d . Equation (4.8) can be expressed as (6.2)
where
is the Green's function of Poisson's equation on the sphere, without the screening term. To explore the departure of G from G * , plots of (G − G * )(γ, γ * ) and −G * (γ, γ * ) versus γ/γ * are presented in Figure 3 for the range 50 km ≤ L d ≤ 1000 km.
It can be observed from figure 3 that for sufficiently large γ/γ * , the −G * curve collapses onto the G−G * curve, indicating that the Green's function of the screened Poisson equation decays at a much faster rate than that of the Poisson equation. This is attributed to the role of the screening term ψ/L 2 d in localizing the solution to a neighborhood of the order γ * . This can also be seen in Figures 4a and 4b , where G, G * , and G − G * are plotted versusγ/γ * for L d = 50 km and L d = 1000 km, respectively. It can be observed that G becomes increasingly localized on the sphere as L d decreases. As such, a compact approximation of G for small values of L d may prove suitable.
Conclusions
In this paper, analytical expressions are derived of the Green's function of the screened Poisson's equation on the sphere, namely in the form of an integral representation and of a series solution involving Legendre polynomials. A robust and efficient numerical approximation of the series representation is then developed. This approximation is based on a splitting of the series representation that is tailored to isolate the singular behavior. Efficiency and robustness of the split series approximation was established by showing the rapid decay of the truncation error with the number of terms, and by comparing estimates with results obtained using high precision numerical integration. The solutions presented, in both graph and tabular forms, for different values of the normalized screening constant versus the normalized angle provide an effective means for accurate evaluation of the Green's function.
Ld = 1000 km Figure 3 . (G − G * ) and −G * vs. γ/γ * . Curves are generated using the split sum for L d = 50, 100, 200, 300, 400, 500, 600, 700, 800, 900 and 1000 km.
Curves are generated using the split sum.
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Appendix
In this section, we present tables of the values of the Green's function versus γ/γ * , for values of the screening constant L d of 50, 100, 200, 400, 800, 1000 km. Table 3 . G(θ, ϕ) function of γ/γ * for L d = 50, 100, 200 km.The values presented are computed using the split sum. The stopping critera used is when the term contribution of G(l) to the split sum drops down below 1E-20. Table 3 continued from previous page Table 4 . G(θ, ϕ) function of γ/γ * for L d = 400, 800, 1000 km.The values presented are computed using the split sum. The stopping critera used is when the term contribution of G(l) to the split sum drops down below 1E-20. 
